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Abstract 

It is dealt with the question, under which circumstances the canonical Noether stress-energy 
tensor is equivalent to the gravitational (Hilbert) tensor for general matter fields under the influence 
of gravity. In the framework of general relativity, the full equivalence is established for matter 
fields that do not couple to the metric derivatives. Spinor fields are included into our analysis by 
reformulating general relativity in terms of tetrad fields, and the case of Poincare gauge theory, with 
an additional, independent Lorentz connection, is also investigated. Special attention is given to 
the flat limit, focusing on the expressions for the matter field energy (Hamiltonian). The Dirac- 
Maxwell system is investigated in detail, with special care given to the separation of free (kinetic) 
and interaction (or potential) energy. Moreover, the stress-energy tensor of the gravitational field 
itself is briefiy discussed. 

PACS: 04.50.-fh, 04.20.Fy 

1 Introduction 

In textbooks on general relativity, the Hilbert stress-energy tensor is often presented as an improvement 
over the canonical Noether tensor, because it is automatically symmetric, while the Noether tensor 
has to be submitted to a relocalization if one insists on a symmetric tensor. That we have, on one 
hand, a symmetric tensor, and on the other hand, a tensor that is physically equivalent to a symmetric 
tensor, is thus well known. This, however, does still not proof that both tensors are indeed equivalent. 
Especially, it remains unclear if the symmetrized Noether tensor is generally identical to the Hilbert 
tensor. Unfortunately, in literature, the only cases which are explicitely treated are the scalar and the 
free electromagnetic field. Only recently, attention has been paid to the general relationship between 
different concepts of stress-energy P El El 12, most authors concluding on equivalence. However, this 
is obviously not always the case (see Maxwell field with sources), and therefore, we see the need of a 
complete investigation of the subject. 

We carry out an analysis of the relations between both conceptions of stress-energy without reference 
to the specific nature of the matter fields involved. We will perform this analysis in the framework 
of general relativity (section 2), Poincare gauge theory (section 4) and tetrad gravity (section 5). The 
canonical stress-energy of both gravitational and matter fields is briefly discussed in section 3. Finally, 
we treat the specific examples of a classical point charge in general relativity (section 6) and the Dirac- 
Maxwell system, where we focus on the flat limit expression of the field energy (Hamiltonian), giving 
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special attention to the separation of free and interaction part, as well as to the case where part of the 
fields are considered to be background fields, as is most common in practical applications (section 7). 

We should warn the reader that the aim of this article is not to produce any kind of new, spectacular 
results, but rather to clarify the old concepts of canonical and gravitational approaches and to point out 
potential problems that eventually can lead to misconceptions. 



2 Classical general relativity 

Let the complete action be composed of the gravitational part —1/2 J R^—g d'^x plus the matter part 

S = I V^L d^x, (1) 



with L — L{q) depending on the matter fields denoted collectively hy q = {Ai^tp, ip^ip . . .) and their first 
derivatives, as well as on the metric tensor gik. Our conventions correspond to the standard Landau- 
Lifshitzp] notations, except for the hat on the Christoffel symbols and the curvature tensor formed 
from them, R^i^ij^- The gravitational field equations are easily derived by variation with respect to gik 
and read G**^ = T*'^, where the gravitational (Hilbert, or metric) stress-energy tensor is defined as 



- -2^2i^ + 2^a„.(ffi£a)^ (2) 

V~9 ogik v~5 ogik,m 

In most applications, the second term will be absent, because the matter fields usually couple only to 
the metric and not to its derivatives. This is the case for the Maxwell field and gauge fields in general, 
as well as for scalar fields. Spinor fields need a different treatment and are excluded in this section. We 
therefore omit the second term for the moment. Let us also note that T**"' is, by construction, symmetric. 

An immediate consequence of the field equations, using the Bianchi identities of the curvature tensor, 
is the covariant conservation law T^^.j, = 0. The fact that this is not a conservation law in the strict 
sense is explained in any textbook on general relativity. For convenience, however, we will call covariant 
conservation law any covariant relation that reduces, in the flat limit, to a conservation law. More 
instructive than using the field equations is the derivation of this relation based on the invariance under 
coordinate transformations of the matter action. Especially, it makes clear exactly in which cases the 
relation really holds and in which it docs not. 

Consider an infinitesimal coordinate transformation .t* — )■ 5;* = +^*. Then, the invariance condition 
reads 



SS = / ( ' Sq + '\ " ' 6g,k)d^x = 0. (3) 

J oq dgik 

The crucial point is that, by means of the matter field equations, we have 5{^J—gL) /Sq = 0, and therefore 
the first term vanishes. It is important to stress that this holds only if we consider the complete matter 
action. If, for instance, we consider a system of a test particle in a central electric field, we usually 
consider the Lagrangian containing the particle's field and the interaction term of the particle with the 
Maxwell field, but we omit the free field part ~ In such a case, it cannot be expected that the 
gravitational stress-energy tensor be covariantly conserved (because not all field equations are exploited). 
We will illustrate this for the concrete case of the Dirac-Maxwell system later on. 
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As to the second term, we use the transformation law 



Sgik = 9ik{x) - gik{x) = -^i-k - £,k;i, (4) 

which is the resuh oi gik transforming as a tensor, and expressing the transformed metric in terms of the 
old coordinates (see Ref. Inserting this into ©, using the definition jSJl and partially integrating by 
omitting a surface term, leads, in view of the independence of the transformation coefficients to 

T% = 0. (5) 

On the other hand, in the context of special relativistic field theory, the following, canonical, or 
Noether, stress-energy tensor is widely in use: 

BT 

A - j—q, - S'^L, (6) 
(JQ,k 

and it is then shown that, as a result of the matter field equations, this tensor is conserved, i.e., r'^^ = 0. 
This holds in flat spacetime. In general, r'^* is not symmetric. In a next step, most textbooks on field 
theory show that the canonical tensor can be rendered symmetric by a so-called relocalization, which 
does not affect the conservation law ^ — nor the canonical momentum vector defined by 

(7) 

(The trivial factor y/—g is only introduced for later considerations.) It is unnecessary to recall that, as 
a result of t\ ^, = 0, we also have dPi/dt — 0, which is just the integral form of the conservation law. 
The point is that such relocalizations do not affect the quantities Pi and are therefore irrelevant from a 
physical point of view. 

Let us also mention that, in contrast to what is often stated in literature (for instance in Ref. the 
relocalization procedure is not unique, even under the requirement that the final stress-energy tensor be 
symmetric. For instance, to the canonical tensor r*'^ of a scalar field in flat spacetime, which is already 
symmetric, we can add the relocalization term [f''^(p rf^ — which is again symmetric and has 

an identically vanishing divergence. There exists, however, a more consistent procedure, the so-called 
Belinfante symmetrization, that leads to a uniquely defined symmetric stress-energy tensor (based on 
the canonical tensor), and moreover, has the nice property that it is insensitive to surface terms in the 
action, which is not the case, e.g., for the tensor jnj. There is, however, a price to pay. The Belinfante 
procedure relies on the Noether current corresponding to global Poincare (coordinate) transformations. 
Certainly, any diffeomorphism invariant action will also be globally Poincare invariant, but there is no 
apparent need, a priori, to favor a certain subgroup. In our opinion, this is against the spirit of general 
relativity. (For instance, in general relativity with cosmological constant, the de Sitter subgroup is at 
least equally well justified.) For an illuminating discussion on this procedure, we refer to Ref. [Hj. 

Let us also emphasize that, whenever we mention the canonical stress-energy tensor, we refer ex- 
plicitely to the expression |S1 This is simply because it is directly related to the canonical formalism in 
quantum field theory (recall, e.g., the so-called canonical momentum dL/dq^m as well as the canonical 
construction of the Hamiltonian) . We caution that in literature, there are also other expressions that are 
refereed to as canonical stress-energy tensor, because they also arise from a canonical procedure (albeit a 
different one). In particular, in Ref. pj, an interesting procedure has been described where the symmetric 
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and gauge invariant expressions for the stress-energy tensor of the Maxwell and Yang- Mills fields can be 
obtained directly from Noethers identities, taking into account, apart from the field equations, also the 
Bianchi equations related to gauge invariance. It would be of interest, especially in view of Poincare 
gauge theory (see section 4) to carry out a similar analysis for the case of the Dirac field, which allows 
for a local Lorentz gauge invariance. Another example is the Hilbert stress-energy tensor to which 
we refer here as gravitational (or metric), and which is also often referred to as canonical. 

In most textbooks on general relativity, it is shown that the metrical tensor coincides, up to a relo- 
calization, with the canonical tensor as far as scalar fields and the electromagnetic fields are concerned 
(although, in the later case, this is true only for the sourceless fields). What cannot be found in textbooks 
is a general proof that the metrical tensor (when considered in the flat limit) is always equivalent with 
(i.e., equal to, up to a relocalization) the canonical stress-energy tensor, without referring to specific 
matter fields. 

What is also unclear is the generalization from flat to curved spacetime. If we deflne the canonical 
stress-energy tensor as before, namely by 0, it cannot be expected that we still have t^j. = 0, but 
neither t'^^.j,, since, in general, t\ is not even a covariant object (nevertheless, we will continue to refer to 
it as canonical tensor) and therefore the use of a covariant derivative does not seem to make much sense. 

In the following, we will try to clarify those points. First, recall that from (Q, we derive the matter 
field equations in the form 

Next, we evaluate the partial derivative of the Lagrangian density 



= ^ <l,t + — ^ Q.k,i H ^ gki, 



(9) 



Recall that, for the moment, we consider L not to depend on the metric derivatives. In the first term of 
the r.h.s., we use the field equations and find 



= dk 



d{L^g) 



dgi 



Im 



-9lr. 



(10) 



Using the definitions (0) and lO, we can write 



= dk[^ T\]^-V^gT'"^gir. 



(11) 



Clearly, this has to be considered to be the generalization of the conservation law t\^ — Q of the canonical 
stress-energy tensor, to which it reduces immediately for gim,i = 0. It does not look very useful, since 
two stress-energy tensors are involved. Let us rewrite (|llll in the form 
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= dk [V~9 {r\ - r'D] + dk{V~9T''i) - t;V~9 T'"'9i 



(12) 



It is not hard to show that the last two terms are just y/—g T\.^, which vanishes as we have already 
shown. Our final relation therefore reads 



= dk [V^g {t\ ~ T% 



(13) 
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Note that this is not a conservation law (i.e., something related to equations of motion), but a relation 
that is identically fulfilled in view of the conservation laws and (0). It simply determines the relation 
between the canonical and the metrical stress-energy tensor. It is exactly what we need in order to 
show the equivalence of both tensors, since from H13|) . it follows for the canonical momentum Q and the 
corresponding gravitational momentum 



P, 



(14) 



that we have 



dt 



{tt, - R,) = 0, 



(15) 



i.e.. Pi and tt^ coincide up to an irrelevant constant. We should caution that we use the term gravitational 
stress-energy tensor and gravitational momentum for the quantities that arise upon variation (of the 
matter Lagrangian) with respect to the gravitational field gik (or ef in the next sections). This is not 
to be confused with the stress-energy tensor or the momentum of the gravitational field itself. Unless 
otherwise stated, we always refer to the matter contributions. With H15|l . we have shown in full generality, 
that in curved spacetime, the canonical and the metric stress-energy tensors are physically equivalent. 
Nevertheless, one should not forget that in general, t\ is not a covariant object (consider the Maxwell 
case for instance), and the relation r^.f, = only holds in special cases, where T**"' — t'*^, as is the case, 
e.g., for the scalar field. And to avoid any misunderstanding, by physically equivalent, we mean of course 
equivalent, as far as the evolution of the matter fields is concerned. Only T'*^ can be used as source term 
for the gravitational field equations. 

As to the constant of integration arising in H15|l , although irrelevant on a classical level, it is interesting 
that it vanishes anyway. Indeed, as outlined above, equation (|13|l is actually an identity. This is simply 
because we have already used all the field equations, and thus, no farther constraints can arise on our 
fields. This means that y 
object r'^'j satisfying r^\ 

identically (up to surface terms). Therefore, we conclude that 

TTi = Pi. 



-g{T i — T^) has to be a relocalization term, i.e., it is of the form r ^ ^ for some 
It is not hard to show that for such an object, J r°'j ^ d'^a; vanishes 



Jk 



(16) 



This completes our argument. 

Although standard model fields do not couple to the metric derivatives (for spinors, see sections 4 
and 5), in the framework of general relativity, nothing really prevents us from considering, e.g., a massive 
vector field whose kinetic Lagrangian is of the form ^ Bi-kB^''^ or similar. In such cases, we have to 
add in equation the term {d{-s/—gL) j dgim,k)gim,k,i and, when performing the step from (|10|l to Hll|) . 
include the second term from (0) in the definition of T**^. The relation ISJ still holds, it has been derived 
without restrictions on L. As a result, instead of (|13|l . we find 



-9 (A - T'; 



dL 



Im.k 



-dir. 



which means that in this case, apart from a constant that can be shown to be zero again. 



vr,: = P- 



dgimfi 



9lm,i d X, 



(17) 



(18) 
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which shows the non-equivalence of r**' and t''^, which is restored, however, in the flat hmit. (Be careful: 
In some papers, especially in Refs. |3||3], the term canonical tensor is used, not for the expression ©, 
but rather for a similar expression, but with the partial derivatives replaced with a covariant derivative. 
Therefore, the result of Ref. [3] is not in contradiction with ours, but simply refers to a completely 
different tensor.) 

Although the case where the metric derivatives couple to matter is rather unlikely to occur in classical 
general relativity, a similar situation occurs when dealing with spinor fields, where the metric is replaced 
with a tetrad field. 

Before, however, we would like to shortly discuss the stress-energy tensor of the gravitational field 
itself, which is often treated with some obscurity. 



3 Canonical stress-energy tensor for gravity 

As mentioned above, the covariant conservation law T*.^ of the metric stress-energy tensor of the matter 
field is not a conservation law in the sense that it leads to a conserved momentum vector. The reason can 
be seen in the fact that only the sum of the matter momentum and the momentum of the gravitational 
field itself is conserved (see Ref. 0, §96). (Alternatively, one could say that the momentum is not 
conserved because it is subject to gravitational forces.) In Ref. it is shown how one can derive 
a quantity t**^, depending only on the metric (and its derivatives) such that the following momentum 
(pseudo) vector 

= / (-.g)(r° + t")d3a; (19) 



is conserved. The quantity is known as the Landau-Lifshitz pseudo-stress-energy tensor for the 
gravitational field. The derivation of (|19|l is rather involved. The reason is that the authors took care 
that the resulting pseudo-tensor i*'^ be symmetric, in order for the angular-momentum tensor to be 
conserved. In our viewpoint, the symmetry of the stress-energy tensor is not of too much importance, 
especially as it will be lost anyway when we go over to Poincare gauge theory in the next section and 
we would rather prefer to have conservation laws for a momentum that includes either Q or H14|l as far 
as the matter part of the momentum is concerned. This is not the case with (|19|l . because of the factor 
{—g) instead of y^—g. 

There is an easy solution to this, which the authors of Ref. 5 choose to hide in the problem section 
of §96. We will briefly resketch it here in order to show the complete similarity with the derivations made 
earlier, going from ^ to 

Let Ltot = Lgrav + L, where L is, as before, the matter Lagrangian, and Lgrav the free gravitational 
part. Consider the derivative of Ltot, 



W-gLtot),t = 7^ q.t H ^ q, 

oq Oq^m 



m,2 



H ^ gim.i H 7, gim,k,i, i^Uj 

Ogim Ogim,k 

Apart from the matter field equations which can be used in the first term, we now also have at our 
disposal the gravitational field equations in the form 

{^J-gLtot) = di[ ), (21) 

ogim ogim,i 
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which we use in the third term. The result is 



= dk 



oq,k ogim,k 



(22) 



If we consider again the case where the matter Lagrangian does not depend on the metric derivatives, we 
can split the conservation law in the following way 

Q = dk[V~9{A^t\)\, (23) 

with the canonical matter stress-energy tensor and with 

k _ 9Lgrav _ xkT (nA\ 

Ogim,k 

Consequently, we find that the total momentum 

= TT, + J t^^d^x (25) 

is conserved. 

We should also mention the fact that we have slightly simplified the above considerations by consid- 
ering the Lgrav not to depend on the second derivatives of the metric. Thus, in all our expressions, it is 
supposed that we omit, in ^/—gLgrav the divergence term containing the second derivatives. If this is not 
done, i.e., if one wishes to work with the full Lagrangian ~ R, (or, if one considers higher order gravity 
with terms like etc.) then one has to take into account additional terms in the field equations H21|l . as 
well as in the definition of the tensor (|24|l . The conservation law H23|l will still be valid and the resulting 
momentum is of course the same, since the surface term is physically irrelevant. The expressions for 
the Euler-Lagrange equations and the canonical stress-energy tensor for Lagrangians containing second 
derivatives of the field variables can be found, e.g., in Ref. 

As we can see, there is really nothing obscure in the stress-energy of the gravitational field. The 
quantities t^'^ are certainly dependent on the coordinate system and the conservation law (|23|) is not in 
an explicitely covariant form, but this is a general feature of canonical stress-energy tensors, gravitational 
or not. The consequences of this and the interpretation in curved spacetime can be found in textbooks 
on general relativity. 

We should however point out an important difference. It is not hard to argue that 11^ in H25I) is 
actually not only constant, but it is zero. This is again a result of the fact that H23|l has to be an identity, 
since all the equations of motion (including for the gravitational field) have already been used, and no 
further constraint can arise on the fields. Thus, the integrand of (|23|l is again a relocalization term, and 
the integral over whole space vanishes. In other words, the total stress-energy T^^.+t^^. can only be used to 
define the energy locally, for some finite region of space. The situation, under this aspect, is no different 
from the conventional Landau-Lifshitz approach. On the other hand, the total momentum, integrated 
over whole space and containing all the fields, is not measurable anyway, because there is nothing left 
with respect to which an eventual variation could be measured. Therefore, the value zero is as good as 
any other, and certainly better then the infinite values obtained, e.g., for the energy, in other theories, 
when gravity is not taken into account. 

The tensor H24|l and its relation to the Landau-Lifshitz tensor has also been discussed in Refs. |Sj 
and [H]. The Belinfante symmetrization of the tensor (|24|l has been carried out in Ref. j^. A different 
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approach to the stress-energy of gravity can be found in Ref. ^HI- We would also like to point out 
an interesting paper by Padmanabhan[TT] . dealing with the question whether general relativity can be 
obtained from a consistent coupling of the spin 2 field to the total stress-energy tensor, including its own 
contributions. Many features of the stress-energy concept for gravity and matter are also discussed in 
the textbook Ref. fT^ as well as in Ref. |13| . 

The reason for including this section is the rather strange fact that, on one hand, in texts on quantum 
field theory, field Hamiltonians that correspond to the time component of the canonical stress-energy ten- 
sor (which is neither a covariant object, nor gauge invariant) are widely used, without even mentioning 
the relevant problems, while in general relativity, the concept of energy is often considered, for just those 
reasons, to be badly defined, and in some texts, the discussion is avoided completely. Hopefully, it be- 
came clear that, concerning momentum conservation, their are actually more similarities than differences 
between gravitational and non-gravitational fields. 

4 Poincare gauge theory 

It is well known that there are no finite dimensional spinor representations of the general linear group, 
and therefore, the introduction of spinor fields into the framework of gravitational theory is necessarily 
accompanied by the introduction of a flat tangent space endowed with the Lorentz metric r]ab- The 
relation between physical spacetime and tangent space is assured by the existence of a tetrad field e^, 
which allows for the introduction of the curved Dirac matrices 74 = e°7a , where 7a are the usual, constant 
Dirac matrices. The spinors are then considered to be invariant under spacetime transformations. Local 
Lorentz invariance is achieved by introducing a Lorentz connection. As in general relativity, one has the 
choice of considering the connection either as fundamental field variable, independent of the tetrad field, or 
as a function of the tetrad and its derivatives. The first way, which seems to us more satisfying and which 
we treat in this section, is the conception of Poincare gauge theory, which is essentially a description of 
gravity in terms of Riemann-Cartan geometry, while the second way is merely a reformulation of general 
relativity, replacing gik by in order to allow for spinor fields, with the disadvantage of having derivatives 
of the gravitational field ef coupling directly to the matter fields. This approach will be considered in 
the next section. 

Let us first give a short review of the basic concepts of Riemann-Cartan geometry and fix our notations 
and conventions. For a complete introduction into the subject, the reader may consult Refs. |14j and 

m 

Latin letters from the beginning of the alphabet (a,b,c. . .) run from to 3 and are (flat) tangent 
space indices. Especially, rjab is the Minkowski metric diag{l, —I, —I, —I) in tangent space. Latin letters 
from the middle of the alphabet k . . .) are indices in a curved spacetime with metric gik as before. 
We introduce the Poincare gauge fields, the tetrad ej^ and the connection T°-\^ (antisymmetric in ab), as 
well as the corresponding field strengths, the curvature and torsion tensors 

Tjab j^ab T^ab i j^a j^cb j^a j^cb fOt^\ 

^ Irn — ^ md l,m ' ^ cl^ m ~ ^ cm^ I 1^0; 

The spacetime connection and the spacetime metric gn^ can now be defined through 

e?eirjab = g^k■ (29) 
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It is understood that there exists an inverse to the tetrad, such that e"e^ = S^. It can easily be shown 
that the connection spHts into two parts, 

r"™ = r'^™ + ^"™, (30) 

such that r°''„ is torsion- free and is essentiahy a function of ej^. i^^m is the contortion tensor (see 
below). Especially, the spacetime connection constructed from 

is just the (symmetric) Christoffel connection of general relativity, a function of the metric only. 

The gauge fields ej^j and ^^'^ one-forms, i.e., covectors with respect to the spacetime index to. 

Under a local Lorentz transformation (more precisely, the Lorentz part of a Poincare transformation, see 
Refs. |1B| and llTl) in tangent space, A\{x'^), they transform as 

The torsion and curvature are Lorentz tensors with respect to their tangent space indices as is easily 
shown. The contortion K'^^^ is also a Lorentz tensor and is related to the torsion through if — 
Wi ™ +T^i- T' I J, with /fV,„ = e^^.if-''^ and analogously for T\^. The inverse relation is = 

All quantities constructed from the torsion- free connection r°''„j or will be denoted with a hat, for 
instance i?*'^,^ = ^a^b^'^\m ^^'^ usual Riemann curvature tensor. This is consistent with the notation 
of the previous sections. 

The gravitational Lagrangian is now constructed using terms at most quadratic in curvature and 
torsion, containing thus no second derivatives of the gravitational fields. The most simple candidate is 
the Einstein-Cartan Lagrangian Lgrav = — (l/2)i?, with R = e\e^R'^\f^, which leads essentially back to 
general relativity, with an additional spin-self interaction for spinor fields due to a non-dynamical torsion 
fielddil. 

First, we define the gravitational stress-energy tensor as well as the spin density tensor in the following 
way 

1 '5(eL) „ 1 5{eL) 

Ta = -Z^ and a,, (33) 



e 



where L is again the matter Lagrangian, with S = J eLdf^x, where e = det(e°). 

We now derive the conservation law that results from the local Lorentz invariance. Consider an 
infinitesimal transformation (|32|l . with A"^ = ^\ (^"'' ~ — e^")- The fields and F''''^ undergo the 
following change: 

5T^'^^ = -e^\^-T\^e''^-T\^e'^^ and Se^, = e^el,. (34) 

The first equation can be written in the short form i5F°''„ = — Dme"''. The change in the matter La- 
grangian therefore reads 

5{eL) = ^-^Sel, + ^^SV^^ = (tI^I + D,„a-™)e,„ (35) 

where we have omitted a total divergence. The covariant derivative operator D,„ is defined to act with 
F°''„j on tangent space indices and with 1"'^,^ (torsion-free) on spacetime indices. The requirement of 
Lorentz gauge invariance therefore leads to 

+ D,„a'"=™ = 0. (36) 
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Slightly more complicated is the case of the coordinate invariance. Under an infinitesimal coordinate 
transformation, 

P = a;* + f , (37) 
the fields r°''„ and e°„ transform as spacetime covectors (or one- forms), i.e., 

C(£) = e^'„(x)-C',„e^ and f'^\{i)^r^'^{x)-e,^T'^\- (38) 

Since we are interested in the change of the Lagrangian under an active transformation, we have to 
evaluate the change of the fields at the same point x, and thus have to express the transformed fields in 
the old coordinates, i.e., 

(x) = (£) - ,,(^)e^ f'^'M = f " C'f (39) 

In the ^-terms, we can replace e™(i) by e™(a;) and T°-^^{x) by T°-'^^{x), since the difference will be of 
order Finally, we find 



5e'i^ = C(^)-er(a;) = -?'™e^-e'Cfe, (40) 

k ^ ni,k 

The change of the Lagrangian reads 



«r»',„ = f"'„(i)-r"'„(i) = -{';„r"'j-{'r-',„,. (4i) 



= [{eT^et),m - eT^e^^^, - (ea,rr"\),™ + ea.rr"''™,,.]?^ (42) 
Requiring S{eL) — for arbitrary ^* and regrouping carefully the terms, we finally get 

(D„,r™,)e^ + T^^T"^, - R^'^,a,r ~ r'^\(D„,a,r + T[at]) - 0. (43) 
The last term vanishes in view of 13611 . such that we find the covariant conservation law 

(D„T'",)e^ + T^.T"^, - R^'^.aJ^ = 0. (44) 

In terms of the usual covariant derivative with the Christoffel symbols (denoted, as before, with a semi- 
colon), we can alternatively write 

rnm jy-inirp jyab _ ™ ^A^\ 

fc;m ~ ^ ]^lmi — n mk^ ab ■ K^'^ ) 

It is not hard to show that for matter fields that do not couple to r°^j, and couple to ej^ only via the 
metric gik^ T^a defined by is identical to the metric tensor (and thus symmetric), while cr^^™ is 
zero. Then, H45|) reduces immediately to (O (since ivT*™ is antisymmetric in im). (It should be clear that, 
when we speak of the symmetry of a quantity like T'^j , this refers of course to the corresponding tensor 

Clearly, (|44|) is not a conservation law in the strict sense and gives rise to a conserved momentum 
only for vanishing curvature and torsion. Further, just as was the case during the derivation of relation 
Q, in order to derive H36|l and H44|l . the matter field equations have to be fulfilled. If this is not the case, 
we would find additional variations {S{eL)/Sq)Sq in (|35|l and (|42() . One should have this in mind when 
splitting the matter Lagrangian in free parts and interaction parts. 
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We now turn to the canonical stress-energy tensor. Since the gravitational stress-energy is defined 
by variation with respect to ej^, one might consider e'^ as the true gravitational field, while F"''^ is an 
additional matter field. From this point of view, one would then define the canonical stress-energy tensor 
© with q containing, apart from Ai, tpj-ifj, ip . . also the Lorentz gauge field r°^„. This interpretation is 
possible, since what we usually understand as gravity is in fact completely determined by the geodesic 
structure of spacetime, and thus by the metric, i.e., by ef. In this sense, T'^^^ is an additional matter 
(gauge) field, leading to new interactions (spin precession etc.). However, it is customary to consider 
the set (e^,r"''^) as gravitational fields for the following reason. The Lorentz connection is not really 
the gauge field corresponding to the Lorentz group, but rather a part of the gauge fields (F°''^,F"^) 
corresponding to the Poincare group. Although the translational symmetry has been broken by setting 
= ej^ (see Refs. and JT] for details), the original Poincare structure is still visible in the fact 
that with each Lorentz transformation, apart from the Lorentz connection, we also have to transform 
(see (|22l)- This reflects the fact that the Poincare group is not simply the direct product of Lorentz and 
translational group. From this aspect, it is preferable to consider both the tetrad and the connection as 
gravitational fields and thus, the canonical stress-energy tensor of the matter fields r\ is to be defined 
as before by with q containing everything but those fields. 

Then, we proceed as in (jS)), namely 




It is needless to say that we suppose that the matter fields do not couple to the derivatives of e^^ or 
F''''^. After all, this is one of the chief reasons for introducing F"''^ as independent field! Next, we use 
the matter field equations ^ (with \/—g replaced with e) to find 




This is the conservation law that replaces Hll|) . Again, in the flat limit (vanishing curvature and torsion), 
we find the usual conservation law for the canonical stress-energy tensor in special relativity. Just as Hll|) , 
this relation is not explicitely covariant (neither is t\) and moreover, it is not even explicitely Lorentz 
gauge invariant. (Nevertheless, the relation is valid in any coordinate system and in any gauge.) This 
is of course the result of the fact that the free gravitational fields are not contained in t^. (Similarly, 
as we will see in the next sections, in special relativistic field theory, when we consider the Dirac field 
in an electromagnetic background field and define the canonical stress-energy tensor without taking into 
account the free Maxwell field, the resulting tensor will not be U{1) invariant. We stress this analogy, 
just in case someone might again begin to have doubts on the compatibility of the concepts of gravity 
and field energy.) 

The fact that neither 144|l . nor H47|) lead to a conserved momentum vector, does not bother us here. 
Clearly, as long as, say, a particle, is subjected to gravitational fields, it will not possess a constant 
momentum vector. However, it should be noted that, in contrast to general relativity, we cannot, locally, 
transform the gravitational field to zero. Although it is possible (by a combination of both gauge and 
coordinate transformations) to achieve (at some point) e° = Sf, = (see Ref. jTB]), it is not generally 
possible to transform away the connection derivatives. Therefore, we cannot get rid of the second term in 
(|47|l . which is the analogue of a tidal force term (with the particle's intrinsic spin instead of the restframe 
angular momentum of an extended body). 

What we are interested in is the relation between the canonical and the gravitational stress-energy 




= 9,[er'^,]+ea,rr' 




(47) 
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tensor. We rewrite (|47|) in the form 



= dk [eir\ TD] + (eT^J,,. + ea,r'^'^'„,, - eT^d,,. (48) 

By a convenient reordering of the last three terms (i.e., completing F"''^ ^ to i?"''^™, e"^ ^ to T"^ and 
{eT\)^k to e{PkT\)e1), and using the relations and (O, we find 

= dk [e{T\ - T\ ~ . (49) 

As was the case with (I13f) . this is not a conservation law, but an identically satisfied relation between 
the canonical and the gravitational stress-energy tensors. We see that only for F^^j = 0, the momentum 
vectors Pi = J eT^d'^x and T^i — J eT° d^x will be the same (the integration constant can be shown to be 
zero again). In general field configurations, this will not be the case, except for particles with a^f^ = 0, 
i.e., bosonic matter. 

It is interesting to remark that in teleparallel theories (i.e., with = throughout), both tensors 
turn out to be equivalent. In order for F"*j to vanish everywhere (at least in a certain gauge), Lagrange 
multipliers have to be used to set R°'\^ = (see Ref. JH])- Such theories seem to be consistent (the 
so called one-parameter teleparallel theory), but have some rather unnatural features (see Refs. and 
PP] for a detailed discussion). Especially, it does not look very wise first to generalize the framework 
of general relativity from 10 fields gik (or 16, e^, if you prefer) to 40 fields {e^,r"'''^) and then, in a 
next step, to force the new fields to vanish identically (or at least to be of pure gauge form, i.e., the 
corresponding field tensor i?"**;^ to vanish). 

We conclude that in the general case, and especially in the case of Einstein-Cartan theory, the canonical 
and the gravitational stress-energy tensor are equivalent only if we neglect the gravitational field F''''„j 
(flat limit). 

In order to be complete, let us also indicate the canonical stress-energy tensor for the gravitational 
field itself, namely 

which is a direct generalization of H24fl . and which satisfies the conservation law 

Q^dk[e{t\ + T\)\, (51) 

where t\ is the canonical matter stress-energy tensor This relation is straightforwardly derived 

following the usual pattern. Thus, again, the total momentum 

n, = TT, -f j e t\ d^x (52) 

is conserved, where iVi = J e r° d^x. We see that the canonical approach has a straightforward general- 
ization to Poincare gauge theory, while a corresponding form of the Landau-Lifshitz approach (|19|l is not 
known to us. Especially, the requirement that i**^ be symmetric now seems unfounded, because T^^ (from 
(I33|l ) is itself asymmetric and moreover, there is no reason, in the presence of spinning matter fields, 
for the orbital angular momentum to be conserved separately. Nevertheless, it remains an interesting 
question if a relation similar to IjlBI) . i.e., containing T*'^ instead of t\, can be found in the framework of 
Poincare gauge theory. A related investigation will be carried out in the appendix. 
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In the special case of Einstein-Cartan theory, where Lg^av — ^5^' ^® readily find 

t\ = -{e':eT)T'^'^,^SlR, (53) 

or, after some simple manipulations, 

t\ = -G\ - {\t\, + \T\,,e':^)T^\ - i(e e^A^V^'i) (54) 

We see that, in vacuum, where the torsion vanishes, equals, up to a relocalization term, the negative of 
the Einstein tensor G'^j, which vanishes also. Thus, just as in general relativity, t'^j contains only surface 
terms. The same holds for the total stress-energy in the presence of matter fields. Especially, the total 
momentum is zero again. This is a feature shared with the Landau-Lifshitz approach. 

The momentum conservation equation (|51l) leads us to conclude that quite generally, the canonical 
stress-energy tensor corresponds to the physical energy, stress and momentum densities, while the grav- 
itational tensor plays the role as source of gravity. The conclusion is based on the following. First, it is 
standard procedure to use the time component of the canonical tensor as Hamiltonian in quantum field 
theory. This has not led to any inconsistencies so far. Second, the (total) canonical momentum is the most 
simple conserved quantity that can be derived from a general Lagrangian, and it should therefore have 
a fundamental, physical contents. Even for exotic theories, such as, e.g., Ref. [51], based on a symmetry 
between anti-gravitating and gravitating matter, with anti-gravity coupling with the opposite sign to the 
Lorentz connection, it turns out that, when comparing the gravitating with the anti-gravitating matter 
section, the metric stress-energy tensors (i.e., the source of the gravitational field) are of opposite sign, 
while this is not the case with the canonical tensor. As a result, the energy density and the Hamiltonian 
as defined from the canonical tensor, are still positive, as they should (for vacuum stability). 

More generally, energy (momentum) is, by its very definition, canonically conjugate to time (space), 
i.e., in quantum field theory, energy (momentum) corresponds to the generator of time (space) trans- 
lations. This is directly incorporated in the canonical definition of the stress-energy tensor, while the 
variationally defined gravitational tensor is not, a priori, related to such concepts. We should, however 
mention that, apart from their role as source of gravity, the gravitationally defined tensors H33|l play 
an important role on the kinematical level. In particular, the particle momentum (as opposed to the 
field momentum) in a semiclassical picture is directly related to the integrated gravitational stress-energy 
tensor. We refer to Ref. for details on particle motion in Poincare gauge theory. 

There are of course some well known problems. First, t*^ is not a true tensor. That seems physically 
acceptable. Energy or momentum densities are not observer independent quantities. The introduction 
of a Hamiltonian is necessarily preceeded by a (3 -I- l)-split of spacetime, and the consideration of the 
other components will break the remaining symmetry. Second, the tensor is not Lorentz gauge invariant. 
Moreover, the momentum tt; of the matter fields is not gauge invariant. Thus, in order to determine 
the four- momentum of a certain matter distribution (in a gravitational background), we have to fix the 
Lorentz gauge. Especially, the matter Hamiltonian will depend on the gauge choice. This seems rather 
disturbing, it is, however, quite usual. Exactly the same thing happens in the case of a charged field 
in an electromagnetic background. (The problem arises already at the level of quantum mechanics 23 .) 
Only the complete. Maxwell + Dirac Hamiltonian is gauge invariant, whereas the Dirac Hamiltonian on 
the Maxwell background will badly depend on the gauge choice. Thus, once again, nothing special with 
gravity! 

We close our discussion of the stress-energy of gravitational fields at this point. Before we turn to 
specific examples (point charge, Dirac-Maxwell system), we briefiy include a section on tetrad gravity, 
i.e., general relativity expressed in terms of e° and coupled to spinor fields. 
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5 Tetrad gravity 



With the background of the last section in mind, it now straightforward to include spinor fields into 
general relativity, without the use of an additional, independent Lorentz connection. Just as before, we 
consider a flat tangent space with metric rjab and the basic gravitational fields are now e°, from which 
we define the metric gik = e1e\rjab- With the metric, we can form the Christoffel symbols and 
then define the connection r°''„ by means of (|31|l . The connection is automatically torsion free, i.e., 
e'i,k + r^feS^ — j — r^^jC^ = ef (f-^ — T\^) = in view of the symmetry of the Christoffel connection. 

We still require local Lorentz invariance in the form e° — > ^\e\. Then, V"'^^ transforms automatically 
as Lorentz connection, i.e., in the same way as T°-^^ in (|32l) . Local Lorentz gauge invariance of the matter 
field Lagrangian is assured through the minimal coupling prescription dk — > dk — IF^^iJab when acting 
on spinors [oab are the Lorentz generators), i.e., in the same way as in Poincare gauge theory, but with 
f replacing T% 

Thus, we have necessarily derivatives of e° (contained in T"'^j) coupling to the spinor fields, which 
makes, in our view, this approach less attractive then the Poincare gauge approach. 
We define the gravitational stress-energy tensor through 

which is formally the same as (1331) . with the difference that here, the variation includes in addition the 
tetrad field hidden in the connection. (Clearly, for bosonic matter, which couples to e° only via gik, T^^ 
is identical to the metric tensor after converting the tangent space index into a spacetime index.) 

An interesting feature of (|55|l is its symmetry, even in presence of spinor fields. This is the result of the 
invariance under (5e° = s\e\ (the infinitesimal form of the Lorentz transformation, with antisymmetric 
e"''). Indeed, under such a transformation, assuming again that the matter field equations S{eL)/Sq = 
are satisfied, we find 

SieL) = ^-^K = -eT\e1e'^, = -eTl-le,,, (56) 

and therefore tI""^! — 0. This is the relation corresponding to equation H36|l of the previous section. 

Note that, despite the apparently simple relations, the actual evaluation of T'^ can be rather involved, 
because the expression of r"''j in terms of e° is not really simple (just think of all the metric derivatives 
contained in the right hand side of Ij^lll ). Thus, we get a symmetric, but complicated stress-energy tensor 
(it is actually the Belinfante-Rosenfeldt tensor, see Ref. 1141.) 

The symmetry of T*'^ is also necessary in view of the field equations G''^ = T**' (recall that we are 
dealing with general relativity again). From this, it also follows that T^^.^ = 0. Indeed, under a spacetime 
transformation, the tetrad transforms as before (Eq. I^UJl), and the conservation law 

(en4),, + en<,=0 (57) 

is easily derived. It is not hard to show that, for T**^ symmetric, this is equivalent to T^'tj = 0, as was to 
be expected. 

Consider now the the derivative of the Lagrangian 
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use the matter field equations ©, the definitions © and H55|) . as well as the relation H57|l to find 



= dk e{r\-T\ + 




dL 



(59) 



m.i 



which is an identically satisfied relation between the canonical and the gravitational tensors, the analogue 
of H17(l . It shows that, for matter fields coupling to the tetrad derivatives (i.e., spinor matter), both tensors 
are only equivalent in the flat limit ej^ ^ = 0. 

Let us remind the reader once again that the apparent contradiction to Ref. 0], where a similar 
analysis has been carried out using a spinor formalism, is due to the different definition of the canonical 
tensor, which has been defined with covariant derivatives in Ref. From the result of those authors, 
we can therefore not conclude anything concerning the behavior of the tensor ((HJ or its relation to T''^ . 

Let us also note that the construction of the canonical stress-energy tensor for the gravitational field 
in the way of H24|l . with gik replaced by ef, is not possible in the case of matter fields coupling to the 
tetrad derivatives. Although one can derive the relation corresponding to Eq. H24|l . it is obviously not 
possible, in the second term, to replace Ltot by Lgrav, and thus to split the total stress-energy tensor 
into a matter and a gravitational part. This is one more argument in favor of an independent Lorentz 
connection and the first order formalism of Poincare gauge theory. 

This concludes our analysis of the relation between the canonical and the gravitational stress-energy 
tensors. Let us stress once again that even in those cases, where we have found equivalence, we have by 
no means equality. Especially, the canonical tensor is not even a covariant quantity (i.e., a tensor) and 
in general lacks gauge invariance (see, e.g., the Maxwell case). It means simply that they both lead to 
the same momentum vector. (Which does still not mean that this momentum vector is conserved!) 

In the next sections, we will consider concrete examples, focusing mainly on the time component of 
the momentum vector (the field Hamiltonian) and on the flat limit. 

6 Point charge in general relativity 

As a first, classical example, we consider a charged point mass. Since in this non-quantum mechanical 
approach, the particle is directly described in terms of its position and not in terms of field variables, the 
canonical approach is not really accessible, and we confine ourselves to the discussion of some features of 
the metrical stress-energy tensor. 
Consider the point mass action 




(60) 



where r is the proper time curve parameter. In order to write this in the form 5*^ = / L^—gd^x, we 
take the following steps: 



m 




(61) 



(62) 



where xq is the (time dependent) position of the particle. Now, use dr — \/ gikdx^dx'' — \/ gikV^v^dt 



15 



with the coordinate velocity ~ dx'^ /dt = {l,v). The rcsuh is 

5*^ = -m / \/gikV^ 5^'^\x - XQ)d'^x, (63) 



which is, by construction, invariant under coordinate transformations. The tensor (|2Jl therefore has the 
form 

t:;: = / . 5^^\x - xoWv^ (64) 

With the help of the proper time velocity = dx'' /dr and the parameter normalization UiU^ = 1, we get 
the alternative form 

= ^ S^^\x - xo)u'v''. (65) 

v-g 

Note that for t/ = (point particle at rest), we get 

T^^' = ^^S^'Hx-xo), (66) 



and = for the other components. This should thus be the tensor that appears as source term of 
the Einstein equations in order to derive the Schwarzschild solution. 

We wish here to point out several problems with this approach. First of all, the expression is 
rather formal, because in practice, we know that the metric diverges at the point a; = (we suppose that 
the particle is located at xq = 0), which is just the point where the stress-energy tensor is supposed to 
be of importance. This problem is, however, not hard to cure. One can simply replace the delta function 
by a more general density p{x), still normalized by / p d^a; = 1. 

More fundamental is the horizon problem. If the particle is still a black hole (i.e., if p is still quite 
concentrated around the origin), then, we know from the Schwarzschild solution, that at the horizon, goo 
changes sign and becomes negative. This, however, is incompatible with the expression H66|l . Indeed, 
already from we see that gikv'^v'^ should be positive, and thus, since inside the horizon, where the 
mass distribution is located, goo is negative, we cannot have v — 0, i.e., the particle cannot be at rest. 
This might make sense for a test particle in the Schwarzschild field, but as far as the source itself is 
concerned, it is rather a contradiction. 

Where is the origin of this problem? Well, it is not hard to see that the problem first occurs when we 
go from (|61l) to (|62|) . One can then also guess the profound reason: At the horizon, goo and grr change 
signs, which means essentially that t becomes a spacelike and r a timelike coordinate. This, however, 
does not mean that time becomes spacelike, but rather that r takes over the role of the time coordinate 
and t that of a space coordinate. Therefore, when we suppose the particle to be described by a density 
in 3d space, i.e., / S^'^^x — a;o)d'^a; = 1, or J p{x)d'^x — 1, where d'^x — dx^dx^dx^, we actually do not 
integrate over space, but over two space and one time dimension. Which means, in the case of the delta 
function, that the particle exists not at one point, but at only one instant! (Or for a short while, in the 
case of a more general density.) This is certainly not what we intended. The argument makes clear that 
the problem is not caused by the point-nature of the particle, but is generally present in expressions like 
(|62|l . which are not written in an explicitely covariant form. Unfortunately, although the form (|65|l can 
be found in many textbooks, see e.g., Ref. §106, the above problems are usually not mentioned. 

However, since this problem is specifically related to gravity, and we are interested mainly in the flat 
limit, we will ignore those difficulties and continue with H64I) . 
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In the flat limit, gik = rjik, the tensor reduces to 



and especiahy, 



T:::^^^s^'\x-xoyv^ (6?) 

vi — f 



Tr = -=^<5(^)(^-xo), (68) 



which is recognizable as the (special) relativistic kinetic energy density of the particle. 
Next, consider the action of the free electromagnetic (EM) field 



Sem = -\j F'^F.k^ d^x. (69) 
The stress-energy tensor is found to be 

T^M = -F''F\ + -^g'^^F'^Fir^, (70) 
whose time component, in the flat limit, reduces to the energy density of the EM field, 

TZ,^\{E^+B\ (71) 
Finally, consider the so-called interaction part of the action, 

S^nt = - I eA,dx\ (72) 



As before, this can be transformed 

5,„t = - / eA.v'dt = - / eA,v' S'^'^^x - xo)d'^x. (73) 



First, we derive the current density 



-9 6A, 

= ev' S^^^x-xo). (74) 

We see then, that (|73|l can be written in the form 

d^x, (75) 



which is the form usually found in textbooks. (Note that the expression H74|) is also given explicitely in 
Ref. §90, although it has similar problems as (1641) .) We should caution that the form (|75ll is actually 
quite unsuitable for the derivation of the stress-energy tensor. Indeed, apparently, the integrand is metric 
dependent via the factor y/—g. Moreover, someone might come up with the idea that one should write 
j^Ai as g^^jiAk or as gikj^A^, each of which leads, with ((2Jl, to a different stress-energy tensor. 
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On the other hand, from the exphcit form (|73|l . it is immediately clear that the integrand Linty/—g 
is completely independent of the metric tensor, and thus 

= 0. (76) 

Therefore, from the complete action for the point charge in an electromagnetic field, 

S = Sm + Sint + SeM 

= -JmdT- J eAdx' - i y F^'^F.kV^ d^x, (77) 
we derive the stress-energy tensor 

rj^tk ^ ^(3)(2; _ xn)u'v'' - F\F\ + -g'''F'"'Fi^, (78) 

and especially, for the time component in the flat limit 

T"" = S('\x - xo) + liE' + B'). (79) 

Therefore, we find for the conserved energy the well known expression 

8 = ^+j\iE^^B-),^.. (80) 

Apparently, the energy is composed only of the kinetic energy of the particle and of the photons, without 
any interaction or potential energy (like the potential energy of the charge in an exterior field, or the 
self-interaction energy with its own field). This, however, is an illusion, since those contributions are very 
well contained in the second term (only the transverse part of the electromagnetic field corresponds to 
the kinetic photon energy). We will derive explicit expressions in the next section. 



7 The Dirac particle 



In this section, we are interested in the stress-energy tensors of a Dirac particle in an electromagnetic 
field. Conveniently, we work in the framework of Poincare gauge theory. 
The Dirac Lagrangian reads [Tl] 



Li 



rmpip, 



(81) 



with 7™ = ej^7° and Dm = dm — m'^o-b^ where aab = (*/2)[7°,7 ] are the Lorentz generators. This 
Lagrangian is invariant under a Lorentz gauge transformation 

if) — > e^3'^°'''^»i'^^ 

while Cm and T°'^m undergo the transformation H32() with = + £°'b (infinitesimally). 

We now derive the Dirac equation and take the flat limit (e^^ = ^m^^°'^m — 0)- The result is 



(82) 



il"\dra ~ ieAm)ip = rmp, 



(83) 
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or, in Schroedinger form, 

H^j = {[3m + d-{p + eA)- eAo)ip = i^oV', (84) 

with p = — iV, = (3^^ {fi = 1, 2, 3), and (3 — 7°. From (|33|l . wc find for the gravitational stress-energy 
tensor (taking again the flat limit) 



rpl 



(85) 



Note that this tensor is, by itself, U{1) gauge invariant. (Actually, if one does not take the flat limit, the 
resulting tensor is also Lorentz gauge invariant.) 

If we had started within the framework of general relativity, in the tetrad formalism of section 5, 
we would have found a tensor containing additional terms, rendering the total tensor svmmetric|14|. 
However, as far as the flat limit is concerned, both tensors are equivalent (i.e., lead to identical momentum 
vectors) and the differences between both approaches are irrelevant for the argumentation of this section, 
which focuses on other points. We therefore choose to work with Poincare gauge theory, where the 
irrelevant relocalization terms are absent right from the start. 

As before, we are interested in the time components. Integrating Tq* = T]^0' ^'^d 

^ ^ \i}-/°{ido + eAo)^} - 4>Cdo ~ eAo)j°ip 



r°°d3x 



d^a 



ipUido + eAo)ip d^x ~ — / d^x. 

at ' 



(86) 



The last term vanishes in view of the conservation law (V'7™'0),m — 0, which follows from the Dirac 
equation (related directly to charge conservation). Therefore, using (|84|l . we can write alternatively 



T^^'d^x 



V't(i7 + 6^0)^- d^x. 



(87) 



Thus, apparently, the energy is related to the operator H + cAq = /3m + a ■ {p + eA). Recall that 
the operator p + eA (and not p) is the kinetic momentum that reduces, in the classical limit, to mv. 
This is clear anyway if one considers the static case, where A is related to the magnetic field, which, 
as is well known, does not change the particle's energy on a classical level since the force induced by it 
is perpendicular to the velocity. Thus, apart from purely quantum mechanical contributions (like the 
(7 ■ B term contained implicitly in (|84(l ). the major, classical, interaction energy, namely the potential 
energy —eAo of the electron in the electric field, is not contained in the expression H87(l . This is in 
complete analogy with the classical case, namely the result (|68f) (together with the fact that there was 
no contribution from the interaction part, see H76|l ). 

Adding the stress energy-tensor (|70|l of the EM field (it is not hard to show that the same tensor 
emerges from a variation with respect to instead of gtk), we find for the total energy 



£ 



j{n'+TZM'x 



il)\H + eAn)^ d^x -f j -{B^ + E^) d^x 
ip\l3m + a. ■ {p + eA))^|J + f \{B'^ + E"^) d^x 
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and for the energy-density 



E^ij\H + eAo)V + ^(^^ + E'^) = i^\[3m + a-{p + ei*))V + ^(^^ + ^^)- (89) 

These expressions are to be compared with those in H79|l and (|8()|l . If the Lagrangian is supposed to 
be complete (i.e., if all the matter field equations are satisfied), then this expression for the energy is 
conserved, in view of (|44|l . which reduces to r\, ^ = in the flat limit. However, if there is, say, an 
additional (exterior) electromagnetic field (considered not to be influenced by the electron), then we 
cannot guarantee for anything. 

The canonical approach, as far as the Dirac particle is concerned, is probably more familiar to most 
physicists. The corresponding tensor has the form 

= l{h\^dk)tP - kWi') (90) 
for the Dirac particle (with L^) from H81|l . taking the flat limit), and 

. SLem . ht 

T^EMk - 71 ^m,k-di,LEM 

- F^^'Ar.^^k + ^dlF'^'Fim (91) 

for the Maxwell field. Let us begin with expression H9U|I . From the time component, using (|84|l and 
partially integrating, we readily find 

£d= J r'^^d^x = J ^^Hijj d^x, (92) 

a relation that can be found in any textbook. 

This expression, as opposed to its gravitational counterpart (|87|l is not U{1) gauge invariant (and it 
would also not be Lorentz gauge invariant, even if we had not taken the flat limit). 

As to (|91|) . some authors seem to believe that it is equivalent (i.e., related by a relocalization) to its 
symmetric counterpart (|70() . This, however, is not true in general. Indeed, from H91|l . we find 

T^EMk — ~^ ^mk + ^Ok^ ^lm+-f Ak,m 

= n,,, + {F"^^Ak),rn-F"-^Ak (93) 

The second term is indeed a relocalization term. The last term, however, does not vanish in presence of 
a source term for the electromagnetic fields. Indeed, the field equations have the form 

(94) 

or, for the explicit case of the Dirac particle, 

FZn = -eV^7V- (95) 
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Therefore, we find for the time component of (|91|l 



Taking the sum of (|92|l and H9t)|) . we find for the total energy 



£ 



d^x. 



d^x, 



(96) 



(97) 



which is exactly the same expression as derived from the gravitational tensor (see 188|l ). This confirms 
the result (03 1 which states that in the flat limit, T\ and t\ are equivalent. 

The main point we wish to stress in this section is the fact that, if one considers only parts of the 
Lagrangian, i.e., if one splits into free and interaction contributions, then the equivalence does not hold 
anymore. The term J tp^ eAgtjjd'^ x in (|97|l . which is clearly an interaction (or self-interaction) term, was 
found, in the gravitational approach, to be contained in the Dirac part of the stress-energy tensor (in 
a certain sense, in the Dirac field Hamiltonian) , while in the canonical approach, the same term was 
contained in the electromagnetic field contributions (i.e., in the Maxwell Hamiltonian). 

This is an important point, especially if one is to consider a Dirac particle in a background field (e.g., 
to evaluate atomic spectra), or alternatively, a photon traveling through a background distribution of 
electrons. In each case, one will omit a part of the Lagrangian, and one will have to take care to use the 
appropriate stress-energy tensor. 

Let us now take a closer look at the term J eip'^ipAod'^x. If we use the Coulomb gauge W ■ A — 0, we 
can solve (I94|l for Aq in the form 



An I \x — x'\ 



d^x\ 



and we can write (|9()(l as 



liB^^E^)d^x-l-^ 



^Hx)^{x)^^{x'Mx') ^3^, ^3^_ 



(98) 



(99) 



The last term is the well known instantaneous four-fermion Coulomb term. If we split the electric field 



into a longitudinal and a transverse component, E = Et -\- E^, with \7El — p 
we recognize in (|99|l the well-know Hamiltonian used in QED in the form 



'EM 



d-^x^ 



^{B' + El)d^x, 



f and "^Et = 0, then 



(100) 



i.e., the non-propagating, longitudinal components of E are not contained in the electromagnetic part 
of the canonical stress-energy tensor. (The mixed terms Et ■ El contained in E"^ lead only to a surface 
term, while the longitudinal terms i?£ just cancel against the four-fermion term in H99|) .') However, the 
same term appears again in the Dirac part of the canonical tensor (|92|) (see H in 1)84(1 '). As a result, the 
total energy (|97|l . which is the same in both canonical and gravitational approaches, can be written as 



£ = 



^p^Pm + d- {p + eA))il; d^x+ / ^{B^+E^)d^x 



e 

An 



I 



ip''{x)'ipix)'ip^x')tp{x') 



(101) 
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Recalling that p + eA is the kinetic momentum, we see now a clear separation into kinetic energy of 
the electron, kinetic energy of the photon (only Et propagates) and an interaction part (in this case, 
self- interaction) . 

In general, we can summarize our conclusions as follows. In the gravitational approach, the potential 
energy, and/or self-interaction, or longitudinal electric field contributions, are contained in the stress- 
energy tensor of the electromagnetic field, while the stress-energy tensor of the Dirac field only contains 
kinetic energy. 

On the other hand, using the canonical Noether stress-energy tensor, the same energy contributions 
appear in the Dirac part of the stress-energy tensor, while the electromagnetic part contains only the 
propagating modes of the photon field. 

As a result, if one deals with electrons in background fields, i.e., if one omits the free Maxwell part 
of the Lagrangian, then one will have to use the canonical stress-energy tensor in order to derive a 
Hamiltonian (because else, the interaction part will be missing). 

If, on the contrary, one deals with photons propagating on a certain background electron density, i.e., 
if one omits the free Dirac Lagrangian, one will still have to use the canonical stress-energy tensor (as we 
will show below), in order to find a conserved energy. Apart from the free Maxwell Lagrangian, one will 
have to add the interaction part ^e'y™' Amip^ which will lead to quite a different interaction contribution 
in the stress-energy tensor. 

However, we still have to show that this prescription really leads to a conserved energy definition. 
This is not hard to do. Consider a Lagrangian depending on two fields q,p, where p is considered to be 
a background field. Thus, the free field Lagrangian for the field p is missing. (Imagine, e.g., q — {ipj-ip) 
and p — Ai for the electron in a background electromagnetic field). Then, we have (flat limit) 

^ r dL dL dL 

OtL = -^q,t + ^ — q,k,t + -^P,i- (102) 
oq oq^k op 

where we suppose that the interaction part does not contain derivatives of the fields (therefore, no 
derivatives of p are contained in L). We use the field equation for the field q, and find 

= 5fc[r';;] + ^p,,. (103) 

For instance, for the fermion in the background electromagnetic field, we have L — Ljj and (|1U3|1 reads 

= dk[r'n,] + ^A^,,. (104) 

The second term can alternatively be written in the form ~j™Ajn,i- The integral form of the conservation 
law reads 

iL/.»a»„^^ = -/|,,.A. (105) 

or, in the Dirac case, 

^ = / rA^, d^x. (106) 



This, however, is exactly what is usually understood under canonical momentum: The component tt.; 
(for some fixed i) is conserved whenever the exterior field p (or Am) is independent of x"^. Especially, 
the energy ttq is conserved whenever the exterior field is time independent. The same argument holds of 
course if one reverses the role of Ai and V'- 
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On the other hand, with the gravitational stress-energy tensor, no conservation law can be formulated 
for the description of a field on the background configuration of another field, since the derivation of the 
conservation law, based on coordinate invariance, relies on the complete matter equations of all fields (see 
section 2). This is rather disappointing, because the gravitational approach has the advantage that each 
part of the stress-energy tensor is by itself gauge invariance. As opposed to this, with a relation of the 
form Hl(J6fl . one will have to make a suitable gauge choice in order to find reasonable results. (Already 
the statement, that Ai is time independent will depend on the gauge one adopts.) 

Finally, in order to avoid misunderstandings, we should say that there is a little bit more involved in 
the construction of the field Hamiltonian than just writing down an expression for the energy. Especially, 
we have to express the results in terms of the canonical variables (the fields and their conjugate momenta), 
which involves the use of a gauge fixing term in the Maxwell case. However, those manipulations are 
found in any textbook on quantum field theory and do not affect our specific arguments. 

Before we close this section, we wish to make a last remark concerning the positivity of our expressions 
for the energy. One reason for having confined the previous considerations to the fiat limit was the fact 
that we then have = Too = 2^ o (where each index may be interpreted either as tangent or as spacetime 
index), while in the general case, from a tensor T^^, there are quite a few possibilities to define the energy 
density. 

For simplicity, we confine our discussion to general relativity and the metric stress-energy tensor T^^ 
(which is equivalent to the canonical tensor, see It has been pointed outj3] that Tqq is always 

positive (for reasonable matter Lagrangians), while Tq, in general, has no definite sign. One is therefore 
tempted to consider Tqq to be the correct energy density. We wish to point out that this looks like the 
correct answer to the wrong question. If we suppose that gik is diagonal, for simplicity, then T^q becomes 
negative if 1700 is negative. This is the case, for instance, at the region inside the Schwarzschild horizon. 

Suppose we have some general conservation law j\ = 0, where f is not necessarily a tensor. Then, 
we can write 

= Jji^ " ^ / + y V • / d^x, (107) 

and by converting the last term into a surface term, we find that j j'^d'^x is constant in time (i.e., in 
t = x°). 

However, as we have pointed out in section 6, at the horizon, t will become spacelike, and r takes over 
the role of the time coordinate. Then, our conservation law does not seem to make much sense anymore! 
Indeed, from j\ ~ 0, one should proceed as follows: 

= JjiA^x^ ffdS,, (108) 

where in the last expression, we have an integral over a closed spacelike hypersurface. Only if is the 
time coordinate, we can conclude from this that J j^dSi is independent of x^ (see Ref. 0, §29), and that 
it is equal to J j^d'^x. However, if the metric is such, that there is no clear separation between timelike 
and spacelike coordinates (sometimes, lightlike coordinates are used), of if simply, say, is the timelike 
coordinate (as is the case inside the horizon), then those expressions have to be changed. In the second 
case, e.g., we can derive a conservation law in the form, say, {d/dx^) J j^dx'^dx^dx^ = 0. 

Our point is that, although Tq might be negative inside the horizon, while Too is generally positive, 
this is not really an argument in favor of Too a-nd against T*q, because, as we saw in our specific example, 
it might well be some other component of T*^ that enters the energy conservation law and therefore, 
ultimately, the Hamiltonian. 
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8 Conclusions 



The relation between the canonical Noether and the gravitational stress-energy tensors were investigated 

and the following results were established. 

In general relativity, if the metric derivatives do not couple directly to the matter fields (as is the 
case for the known bosonic matter in the standard model), both tensors are physically equivalent, in the 
sense that they lead to the same conservation law and the same momcntiim vector. In the unlikely case 
where the metric derivatives couple to matter fields, the equivalence holds only in the flat limit, i.e., if 
gravitational interactions are neglected. 

In the reformulation of gravity in terms of tetrad fields, which allows for the coupling of spinor matter, 
we have the same situation. For bosonic matter, the tensors are always equivalent, while for spinor fields, 
which couple to the tetrad derivatives via the spin connection, the equivalence is restored only in the flat 
limit. 

In Poincare gauge theory, the results are similar. For bosonic matter fields, coupling only to the 
tetrad field, we have again equivalence between canonical and gravitational tensors, while for spinor 
fields, coupling directly to the Lorentz connection, the equivalence holds only in the case of a vanishing 
connection. For the special class of teleparallel theories (i.e., theories with zero curvature and gravity 
described exclusively by torsion), this will always be the case. In general theories (e.g., Einstein-Cartan), 
it holds again in the limiting case where we neglect the gravitational interactions. 

We also briefly introduced a canonical stress-energy tensor for both gravity and matter flelds, which 
contains the canonical matter tensor, as opposed to the well known Landau-Lifshitz tensor which is based 
on the Hilbert tensor as far as the matter contributions are concerned. Although this tensor (which can 
be found in a problem section in the textbook of Landau and Lifshitz) is not symmetric, we find that it 
has some attractive features and renders the concept of gravitational energy less obscure than the original 
Landau-Lifshitz approach, revealing better the similarities to other fields. Moreover, it turns out that it 
allows for a straightforward generalization to Poincare gauge theory. 

Further, we have derived the explicit expression of the Hilbert tensor for a point charge in an elec- 
tromagnetic field and pointed out problems related to the change of the nature of the coordinates at the 
horizon of a black hole, which can change from timelike to spacelike and vice versa. Nevertheless, in the 
flat limit, the correct special relativistic expression for the energy is found from this tensor. 

Finally, we studied in detail the Dirac-Maxwell system in a flat background, showing explicitely the 
equivalence of the total stress-energy tensor in both canonical and gravitational approaches, focusing 
mainly on the time component in order to find expressions for the field energy, which is the starting point 
for the construction of the field Hamiltonian. It is found that in the canonical approach, the interaction 
part of the Hamiltonian is found in the contributions of the tensor that stems from the Dirac Lagrangian, 
while in the gravitational approach, the same terms are found to originate from the Maxwell Lagrangian. 
This makes clear that, when dealing only with parts of a system, i.e., when one considers certain fields 
as non-dynamical background fields, the equivalence between both approaches breaks down. It is then 
shown in general that the correct expressions for energy (Hamiltonian) and field momentum are derived, 
in such a case, from the canonical tensor, although the result will necessarily be gauge dependent. 

Acknowledgments 

This work has been supported by EPEAEK II in the framework of "PYTHAGORAS II - SUPPORT OF 
RESEARCH GROUPS IN UNIVERSITIES" (funding: 75% ESF - 25% National Funds). 



24 



A Landau-Lifshitz tensor in Poincare gauge theory 



We briefly investigate the question, whether it is possible to find a conservation law similar to H51() . 
but containing the gravitational tensor r\. (from 123) instead of the canonical tensor t\ as far as the 
matter part is concerned. This is indeed possible in many ways, and just as in general relativity, we need 
additional criteria to make a reasonable choice. 

For simplicity, we consider first the case of Einstcin-Cartan theory, with field equation G\. = T^/^. 
Following Landau and Lifshitz, we write 



(109) 



which is trivially satisfied if r*^ is a relocalization term, i.e., if we have (e r^j.) 



k,l' 



with 



Then, we interpret t\ = —G\. + r\ as stress-energy tensor of the gravitational field. In order to fix 
the relocalization term. Landau and Lifshitz choose the following two criteria: Firstly, t"^^ should be 
symmetric and secondly, it should not contain second and higher derivatives of the metric. (It turned 
out, in general relativity, that, in order to achieve both requirements, one has to replace e = g by 

= -9-) 

We have already argued, at the end of section 4, that the first requirement does not make much sense 
in a general Poincare gauge theory, since the matter part T'^^ is itself asymmetric. (This does not mean, 
however, that it is not possible, in principle, to symmetrize t^^ .) We therefore lift this requirement. 
As to the second criteria, we see that already the choice V — — G\. does not contain higher derivatives 



of the independent fields {e1,T°'\). Thus, no relocalization is needed, and we can directly interpret 
as stress-energy of the gravitational field. 



-G\. in H1U9|) will have to be replaced by the corresponding 
21, = eLgrav) and may contain higher derivatives of the tetrad 
field (if Cgrav contains terms quadratic in the torsion). Therefore, we proceed as follows: We start with 
the relation (|51|l . 9i[e(t*j, -I- r*^,)] = 0, and replace, by means of Eq. 149() . r\ with 



In more general theories, the term 
expression -i {6Cgrav/Sef)el, (with Cg 



(110) 



where e<7„ 



SC/ST 



ah 



then takes the form 



-5Cgrav/6T 



ab 



dCgrav/dV^ + d,n{dCgravldT^ „ J . The conservation law 



e[t k + k)- ^j^ab ^ k + ICm ^pafc k 

^ i ^ i,7n 

dCgravT^ab 



= 0. 



(Ill) 



In the last term, we can omit a relocalization term ( gpaJ 1"°^) (in view of dCgrav/dV^^^ 
2dCgrav/dR°'''rm)^ and we find 



= 8, 



or simply 

where explicitely, we have 



de°- 



m,k 



dL 



dL 



grav -^ab 
i i. 



dL 



grav j^ab 



QYab 



^ k,7n ~^ k) 



QYa. 



grav_yab 
5 m,k 



dLgrav j^ab 



pao _ dLgrav ^^^^ 



k.rn 



A* T 

'-^ grav ■ 



(112) 
(113) 
(114) 
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It is not hard to check that this tensor does not contain higher derivatives of ef and T°'\ and that, in the 
special case of Einstein-Cartan theory, it reduces again to — G'j,. 

What we have actually done in passing from the canonical relation H51|) to the relation H112|) is, apart 
from relocalization terms, shifting the term o'^i^r°'\ from the matter part of the stress-energy to the 
gravitational part. This is quite similar to what happened with the four fermion Coulomb term in section 
7. 

In Einstein-Cartan theory, and possibly also in other cases, the total stress-energy t'j, -I- T\ is zero 
throughout. Especially, outside of the matter distribution, there will be no gravitational energy density. 
This is rather disappointing, especially in view of potential applications concerning gravitational waves. 
However, in the absence of other criteria for the choice of r'j, in 11U9|) . the choice r*^, = is as good as 
any other and attempts to introduce an additional relocalization term in order to find a non vanishing 
energy density would be ad hoc and arbitrary. The only natural way to get a stress-energy tensor different 
from zero seems to be the canonical approach of section 4. The canonical tensor (|51() has the additional 
advantage that ef and T'^''^ are treated in a symmetric way, which is not the case with 
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